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LIFTING of CURVES 

— The Oort Conjecture — 
<N 

q ' FLORIAN POP 

Abstract. In this note we show that a special case of a recent result by Obus-Wewers 
(used as a black box) together with a deformation argument in characteristic p leads to a 
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proof of the Oort Conjecture in the general case. A boundedness result is given as well. 



. 

^C ! 1. Introduction 



The aim of this note is to present a proof of the (classical) Oort Conjecture, which is a 
question about lifting Galois covers of curves from characteristic p > to characteristic zero. 
In one form or the other, this kind of question might well be considered math folklore, and it 
was also well known that in general the lifting is not possible. The problem was systematically 
addressed and formulated by Oort at least as early as 1987, see (19j or rather [20]. The 
general context of the lifting question/problem is as follows: Let k be an algebraically closed 
field of characteristic p > 0, and W(k) be the ring of Witt vectors over k. Let Y — > X 
a G-cover of complete smooth fc-curves, where 67 is a finite group. Then the question is 
whether there exists a finite extension of discrete valuation rings W(k) '—> R and a 67-cover 
y R — > X R of complete smooth .R-curves whose special fiber is the given G-cover Y — y X. 
The answer to this question in general is negative, because over k there are curves of genus 
g > 1 and huge automorphism groups, see e.g. Roquette |27j, whereas in characteristic zero 
one has the Hurwitz bound 84(g — 1) for the order of the automorphism group. The Oort 
Conjecture is about a subtle interaction between the ramification structure and the nature 
of the inertia groups of generically Galois covers of curves, the idea being that if the inertia 
groups of a G-cover Y — > X look like in characteristic zero, i.e., they are all cyclic, then the 
Galois cover should be smoothly liftable to characteristic zero. 

Oort Conjecture. Let k and W(k) be as above. Let Y — > X be a possibly ramified 
G-cover of complete smooth k-curves having only cyclic groups as inertia groups. Then there 
exists a finite extension R of W(k) over which the G-cover Y — > X lifts smoothly, i.e., there 
exists a G-cover y R — > Xr of complete smooth R-curves with special fiber Y — > X . 
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There is also the local Oort conjecture, which asserts that every finite cyclic extension 
k[[t}} M- k[[z]] is the canonical reduction of a cyclic extension -R[[T]] <-» -R[[Z]] for some finite 
extension R of W(k). The local/global Oort Conjecrures are related as follows, see Fact 14. 9 [ 
where further equivalent forms of the Oort Conjecture are given: Let R be a finite extension 
of W(k), and Xr be a complete smooth curve with special fiber X. Then a given G-cover 
Y — y X, y i— y x, with cyclic inertia groups lifts smoothly over a given R iff the local cyclic 
extensions k[[t x ]] := Ox,x ^ Cy,j/ =: k[[t y ]] lift smoothly over i? for all x G X and y !->■ x. 

Notation: Let deg (2?) be the power of p in the degree of the different of &[[£]] °->- fc[[^]], 
and deg p (T) x ) be correspondingly defined for the local extension k[[t x ]] M- fc[[t y ]] at y i— >• x. 

Theorem 1.1. The Oort Conjecture holds. Moreover, for every S there exists an algebraic 
integer its such that for every algebraically closed field k, char(/c) = p, the following hold: 

1) Let k[[t]] <—> k[[z]] be a cyclic extension with deg p (2)) < 5. 

2) Let Y —y X be a G-cover with cyclic inertia groups and deg (1) x ) < 5 for all x G X . 
Then k[[t]] <->■ k[[z]] and Y — y X are smoothly liftable over W(k)[7is]- 

Historical Note: The first evidence for the Oort Conjecture is the fact that the conjecture 
holds for G-covers Y — > X which have tame ramification only, i.e., G-covers whose inertia 
groups are cyclic of the form Z/m with (p,m) = 1. Indeed, the lifting of such G-covers 
follows from the famous Grothendieck's specialization theorem for the tame fundamental 
group, see e.g., SGA I. The first result which involved typical wild ramification is Oort- 
Sekiguchi-Suwa [2T| which tackled the case of Z/p-covers. It was followed by a quite 
intensive research activity, see the survey article by Obus [16J as well as the bibliography list 
at the end of this note. Garuti [8], [5] contains a lot of foundational work and beyond that 
showed that every G-cover Y — > X has (usually) non-smooth liftings with a well understood 
geometry. This aspect of the problem was revisited recently by Saidi [28j, where among 
other things a systematic discussion of the (equivalent) forms of the Oort Conjecture is 
given. The paper [11] by Green-Matignon contains further foundational work and gives a 
positive answer to the Oort Conjecture in the case of inertia groups of the form Z/mp e with 
(p, m) = 1 and e < 2. Their result relies on the Sekiguchi-Suwa theory, see [31] and [32]. The 
paper Bertin-Mezard [1] addresses the deformation theory for covers, whereas Chinburg- 
Guralnick-Harbater [5] , [6] initiated the study of the so called Oort groups, and showed 
that the class of Oort groups is quite restrictive. Last but not least, the very recent result 
by Obus-Wewers [TS], see rather Obus [TB], Theorem 6.28, solves the Oort Conjecture in 
the case the inertia groups are of the form r L/mp e for (p, m) = 1 and e < 3, and essential 
for the method of this note, when the upper ramification jumps are subject to some explicit 
(strong) restrictions, see the explanations at Remark 14.121 in section 4 for details. 

About the proof: Concerning technical tools, we use freely a few of the foundational 
results from the papers mentioned above. The main novel tools for the proof are Key 
Lemma [3721 and its global form Theorem 13. 7\ and second, Key Lemma f4.11[ which is actually 
a very special case of Lemma 6.27 from Obus [16], see section 4 for precise details and 
citations. All these results will be used as "black boxes" in the proof of the Oort Conjecture, 
given in section 4. Concerning the idea of the proof, there is little to say: The point is to 
first deform a given G-cover Y — y X to a cover y o — y X over o = fc[|W]] in such a way that 
the ramification of the deformed cover has no essential upper jumps as defined/introduced at 
the beginning of section 3, then apply the local-global principles, etc. 
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Maybe it's interesting to mention that the first variant of the proof (January, 2011) was 
shorter, but relied heavily on model theoretical tools and was not effective (concerning the 
finite extensions of W(k) over which the smooth lifting can be realized). 

Acknowledgements (...) If my recollection is correct, during an MFO Workshop in 
2003 or so, someone asked what should be the "characteristic p Oort Conjecture," but it 
seems that nobody ever followed up (successfully) on that idea. 



2. Reviewing well known facts 

Throughout this section, k is an algebraically closed field with char(A;) = p > 0. All the 
other fields will be field extensions of k, in particular will be fields of characteristic p. 

A) Reviewing higher ramification for cyclic extensions 

Let A be a complete discrete valued field of positive characteristic p > 0, with valuation 
ring R and having as residue field an algebraically closed field k. Let L\K be a finite Galois 
extension, say with Galois group G = Gal(L\K). Since A is complete, the valuation v K of 
A as a unique prolongation to L. And since the residue field k of A is algebraically closed, 
L\K is totally ramified, i.e., [L : A] — e(L\K). Finally, let v L be the normalized valuation of 
L, hence v L (L x ) = Z and tjtj^v l = % on A. 

Recall that the lower ramification groups of L\ A or of G are defined as follows: Let z £ L 
be a uniformizing parameter. For every j we set G 3 := {a £ G \ v L (az — z) > j} and call it 
the j th lower ramification group of L\ A or of G. Clearly, G = G is the inertia group of L\K, 
and Gi is the ramification group of L\K, thus the Sylow p-group of G, and G 3 = 1 for j 
sufficiently large. In particular, G = G\ iff G is a p-group iff L\ A is totally wildly ramified. 

The first important fact about the lower ramification groups (G 3 )j is Hilbert's different 
formula, which gives an estimate for the degree deg(2}i|^) of the different of L\K in terms 
of the orders of the lower ramification groups, see e.g., Serre [30], IV, §1: 

oo 

deg(D L | i ,) = ^(|L7 J |-l). 

3=0 

We further denote by j p the lower jumps for L\K, or of G, as being the numbers satisfying 
G 3p 7^ Gjp+i- in particular, setting j_ x = —1 and j = 0, and denoting the upper jumps 
for L\K by j < ji <■■■< j r , one has that j r = max { j \ G 3 ^ 1 }. 

Now suppose that L\K is a cyclic extension with G = 7hjp e . Then G = Go = G\ by the 
discussion above, and every subgroup of G is a lower ramification group for L\K. Thus one 
has precisely e lower positive jumps j\ < • • • < j e , and G n > • • • > G le are precisely the e 
non-trivial subgroups of G = 7Ljp e . Finally, the Hilbert's Different Formula becomes: 

e 

deg(lD^) = f - 1 + E;=i0p - 3p-i)(\G„\ - 1) = P e - 1 + $>p - 3 P -iW- {p - l) ~ 1) 

P =i 

We recall that the lower ramification subgroups behave functorially in the base field, i.e., 
if A' | A is some finite sub-extension of L\K, and G' C G is the Galois group of L\K', then 
G' = Gj l~l G'. Since the lower ramification groups do not behave functorially with respect 
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to Galois sub-extensions, one introduced the upper ramification groups G for i > — 1 of L\K, 
which behave functorially under taking Galois sub-extensions, see Serre Se, IV, §3. 

At least in the case of cyclic extensions L\K with Gallois group G = Z/p e , the formula 
which relates the lower ramification groups G 3 to the upper ramification groups G is explicit 
via Herbrand's formula, see e.g. Serre [30], IV, §3. Namely, if %q := and i\ < • • • < i e are 
the upper jumps for L\K, then one has: 

J P ~ Jp-i = P p ~ l (}p ~ V-i)> p = 1, ■ ■ • , e. 

Thus in the case L\K is cyclic with Galois group G = 1*/p e , one can express the degree of 
the different of L\ K in terms of higher ramification groups as follows: 

e e 

deg(S) L | K ) = f - 1 + ]T( V - z p _x)/- V~ (P_1) - 1) = E(V + ^(P" - ^')- 

B) Explicit formulas via Artin-Schreier-Witt Theory 

In the above notations, let t be any uniformizing parameter of the complete discrete valued 
field K of characteristic p > 0. Then K is canonically isomorphic to the Laurent power series 
field K = k((t)) in the variable t over k. 

Recall that the Artin-Schreier-Witt theory gives a description of the cyclic p-power exten- 
sions of K via finite length Witt vectors as follows, see e.g., Lang [To] , or Serre [30], II. Let 
A be an integrally closed domain which is a A;-algebra, and W4(.A) = {(ai, . . . , a e ) | a^ G ^4} 
be the Witt vectors of length e over A. Then the Frobenius morphism Frob of A lifts 
to the Frobenius morphism Frob e of W4(.A), and one defines the Artin-Schreier-Witt opera- 
tor p e := Frob e — Id of A. If A M- A" is a ind-etale universal cover of A, one has the 
Artin-Schreier-Witt exact sequence 

o -> pl 6 (f p ) = z/ P e — ► PL e (X r ) ^> iy e (X r ) -)- 0. 

of sheaves on Et(^4). In particular, if Pic(„4) = 0, one gets a canonical isomorphism 

W e (A)/'MPe) -»• Hom(7n(^),Z/p e ), 

which gives a canonical bijection between the cyclic subgroups (a) C W e (A)/ua(p e ) and the 
integral etale cyclic extensions A M- ^4. a with Galois group a quotient of Z/p e by via 

(a) \-^ A a -= A[x] 
where x = (xi, . . . , x e ) is any solution of the equation p e (x) = a. 

In the special case A = K = k((t)), one can make things more precise as follows. First, 
by Hensel's Lemma, the class of every element in W e (K)/im(p e ) contains a representative of 
the form p = (pi, . . . ,p e ) with p p = Ppit^ 1 ) G A;[t _1 ] a polynomial in the variable t~ l over k. 
Second, using the properties of the Artin-Schreier operator p e , one can inductively "reduce" 
the terms of each p p (t~ l ) which contain powers of t _1 to exponent divisible by p. If all the 
polynomials p p (t _1 ) have this property, one says that p = (pi, . . . ,p e ) is in standard form. 
Following Garuti [TU], Thm. 1.1, and Thomas [33], Prop. 4.2, see also Obus-Priess [T7] . one 
can describe the upper jumps i\ < ■ ■ ■ < i e for the extension L = K p with p = (p 1( . . . ,p e ) 
in standard form and Pi(t _1 ) ^ as followso 

i n = max{?n p __i,deg(jo /0 (ir 1 ))}, p = l,...,e. 



"p 



Notice that we use the conventions deg(0) = — oo and iq = 0. 
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In particular, i p > p p deg(pi(t 1 )), and the highest non-zero upper ramification index, i.e., 
the Artin conductor of K P \K is i e = max {p e ~ p deg(p p (t^ 1 )) \ p — 1, . . . , e}. 

We make the following remark for later use: For a = (a±, . . . , a e ) an arbitrary Witt vector 
of length e over K, and K a \K as above one has: [K a : K] = p m , where m is minimal such 
that (ai, . . . , a e - m ) G im(p e _ m ). In particular, if m < e, then setting b = (&i, ... , b m ) with 
6 P = dp+e-m, one has: /A^lif is actually the cyclic extension K^\K of degree p m of if, and 
one can compute the upper ramification indices of K a = Kb using the discussion above. 

C) Koto's smoothness criterion 

Let k be as usual an algebraically closed field of characteristic p > 0, and o a complete 
discrete valuation ring with quotient field k = Quot(o) and residue field k. Let A = o[[T]} 
be the power series ring over o. Then 1Z := 1Z ® k = k((T)) is the ring of power series 
in T over k having v ^-bounded coefficients. Thus LZ is a Dedekind ring having Spec (1Z) in 
bijection with the points of the open rigid disc X = Spf 7Z of radius 1 over the complete valued 
field k. Further, A is a two dimensional complete regular ring with maximal ideal (ir, T) with 
A — >■ A/(ir,T) = k, and X = Spec(7Z) is nothing but the complement of V(it) C Spec(^4). 
Finally, A := A/(n) = k[[t]] is the power series ring in the variable t := T (mod (it)), thus a 
complete discrete valuation ring. 

Let K := Quot(^4) and K := Quot(A) = k((t)) be the fraction fields of A, respectively A. 
Let K ■=->■ £ be a finite separable field extension, and i3 C S be the integral closures of A C 72. 
in the finite field extension K, <-¥ C. Then £> is finite ^4-module, and S is a finite 72-module, 
in particular a Dedekind ring. 

Next let ti, . . . ,t r be the prime ideals of B above (it). Then each tj has height one, and 
the localizations B Xi are precisely the valuation rings of L above the discrete valuation ring 
A(n) of /C. And since K, <-> £ is a finite separable extension, by the Finiteness Lemma, the 
fundamental equality holds: 

r 

where e(tj|7r) and /(tj|7r) = [ft(tj) : if] is the ramification index, respectively the residual 
degree of tj|7T. Therefore, if v m is the discrete valuation of /C with valuation ring Am, one 
has K = n(it) = Quot (A/ (it)) = K(v n ), and the following are equivalent: 

i) There exists a prolongation w of v v to C such that [C : K\ — [L : K], where L := k(w). 

ii) The ideal r := ttB is a prime ideal of B, or equivalently, 7r is a prime element of B. 

In particular, if the above equivalent conditions i), ii), hold, then B x is the valuation ring 
of w, and one has k(x) = Quot(£>/(7r)) = k(w) = L. Further, w is the unique prolongation 
of v n to £, and r = nB is the unique prime ideal of B above the ideal iiA of A. 

We conclude by mentioning the following smoothness criterion, which is a special case of 
the theory developed in Kato [T3], §5; see also Green-Matignon [TTJ, §3, especially 3.4. 

Fact 2.1. In the above notations, suppose that v n has a prolongation w to C such that 
[C : K] = [L : K], where L := k(w) and K =: n(v n ). Let A ■=->■ B be the integral closure of 
A = k[[t\] = A/(it) in the field extension K ^ L. Let S^i^ and T>b\a be the differents of 
the extensions of Dedekind rings LZ <— > S, respectively A ■=->■ B. The following are equivalent: 

i) SpecS is smooth over Spec o. 
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ii) The degrees of&syn an d *<Db\a are equal: deg(£),s|7e) = deg^s^). 
If the above equivalent conditions are satisfied, then there exists Z G B such that B = o[[Z]] 
and B = S/(ir) = k[[z]}, where z = Z (mod (tt)) . 

3. The characteristic p Oort Conjecture 

Remark/Definition 3.1. In the context of section 2), A), let L\K be a cyclic extension 
of degree p e := [L : K] with upper ramification jumps %\ < ■ ■ ■ < i e . Recall that setting 
iq = 0, one has that pi p ~\ < i p for all p with < p < e, and the inequality is strict if and 
only if i p is not divisible by p. The division by p gives: 

V - pip-i = PQ P + t p 

with < q p and < e p < p, and notice that by the remark above one has: < e p if and 
only if (jo, i p ) = 1 if and only if pi p -\ < i p . 

We call q p the essential part of the upper jump at p, and if < q p we say that i p is an 
essential upper jump for L\K, and that p is an essential upper index for L\K. 

We introduce terminology as follows: Let TZ <— >■ S be any generically finite Galois extension 
of Dedekind rings with cyclic inertia groups, and /C := Quot(7£) M- Quot(5) =: C be the 
corresponding cyclic extension of their quotient fields. For a maximal ideal q G Spec S 
above p G Spec TZ, let /C p ■— > £ q be the corresponding extension of complete discrete valued 
fields. We we will say that 1Z <-} S has (no) essential ramification jumps at p, if the p-part 
of the cyclic extension of discrete complete valued fields /C p <->■ £ q has (no) essential upper 
ramification jumps. And we say that 1Z ^-> S is has no essential ramification, if TZ <-¥ S is 
has no essential ramification jumps at any p G Spec TZ. 

In the remaining part of this subsection, we will work in a special case of the situation 
presented in section 2, C), which is as follows: We consider a fixed algebraically closed field k 
with chai(k) = p > 0, let o = A;[[c<7]] be the power series ring in the variable w over k, thus 
k = k((zu)) = Quot(o) is the Laurent power series in the variable w over k. Let A = k[[zu, t]] 
and K = k((zu,t)) = Quot(^4) be its field of fractions. Then A = A/{w) = k[[t]] and 
K = k((t)) = Quot(A) is the fraction field of A. Further, TZ := 1Z® k = k((t)) is the ring of 
power series in t over k having v ^-bounded coefficients. Thus TZ is a Dedekind ring having 
Spec(TZ) in bijection with the points of the open rigid disc X = Spf TZ of radius 1 over the 
complete valued field k. And we notice that X = Spec(7£) is precisely the complement of 
V(zu) C Spec(^4). Finally, for a finite separable field extension JC ^ C, we let B C S be the 
integral closures of A C 7?. in the finite field extension K =->■ C. Thus B is finite ^4-module, 
and S is a finite 7£-module, in particular a Dedekind ring. 

Key Lemma 3.2. (Characteristic p local Oort conjecture) In the above notations, let 
N := 1 + qi + • • • + q e and X\, . . . ,xn G m be distinct points. Let K =->■ L be a cyclic 
Z / 'p e - extension with upper ramification jumps %\ < ■ ■ ■ < i e . Then there exists a cyclic r Ljp e - 
extension K, ^ C such that the integral closure A "-^ B of A in /C <—} C and the corresponding 
extension of Dedekind rings TZ <->■ S satisfy: 

1) The morphism ip : SpecB — ¥ Speco is smooth. In particular, B = k[[rz>,Z]] and the 
special fiber of ip is Spec I? — > k, where B = k[[z]] = B/{w) and z = Z (mod (cu)). 

2) The canonical morphism TZ °->- S has no essential ramification and is ramified only at 
points y^ G Spec S above the points Xp G Spec TZ, 1 < \x < N. 
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3) Let (v,p)i<p<e M be the upper ramification jumps at each y^ \-t x M . Then (e^)i<p<N is 
decreasing, and the upper jumps are given by: 

i) *i,p = PH,p-i + £ P for 1 < p < e. 
ii) i^ p = pip.p-i + p-lforl<p<N and 1 < p < e M . 

4) In particular, the branch locus {xi, . . . , xjv} of 1Z ^-+ S is independent ofk[[t\\ <->■ k[[z]], 
and the upper ramification jumps ip : = (« Mi i, . . . , V, e „) °^ ea °h Dp, | — ► a^, 1 < ^ < A", depend 
only on the upper jumps i := (?i, . . . , z e ) o//c[[t]] <-> fc [[#]]. 

The proof of the Key Lemma [3721 will take almost the whole section. We begin by recalling 
that in the notations from section 2, B), there exists p = (pi(t~ 1 ), . . . ,p e (t -1 )), say in 
standard form, such that L = K p . The integral closure A ■=->■ B of A = &[[£]] in the field 
extension K ■=->■ L is of the form I? = &[[#]] for any uniformizing parameter 2 of L = Quot(fi). 
And the degree of the different S)l\k '■= ®b\a is degffi l\k) = Y^p=i( l p + ^)i.P p ~ P^ 1 )- 

A) Combinatorics of the upper jumps 

In the above context, let eo be the number of essential upper jumps, which could be zero. 
If there exist essential upper jumps, i.e., < eo, let n < • • • < r eo be the essential upper 
indices for L\K, and notice that the sequence (rj)i<j< eo is strictly increasing with r eo < e. 
For technical reasons (to simplify notations) we set r eo+ i := e + 1, and if we need to speak 
about r eQ+ i, we call it the improper upper index, which for eo = would become r\ = e + 1. 

We next construct a finite strictly increasing sequence (<ii)o<i< eo as follows: We set d = 1, 
and we are done if e = 0. If e > 0, we define inductively di := dj_i + q r% for 1 < i < e . In 
particular, we see that N := 1 + qi + . . . q e is N = 1 if eo = 0, and N := d eo otherwise. 

We define aniVxe matrix of non- negative integers (6^,p)i<^<v, i<p<e as follows: 

• If eo = 0, then A = 1, and the 1 x e matrix is given by 6^ p := u p , 1 < p < e. 

• If e > 0, thus N > 1, we defined 

a) 6 1>p = pQx^-x + e p for 1 < p < e. 

b) For i = 1, . . . , e and dj_i < p < di define: 
. 6> M;P = for 1 < p < n. 

• ®p,p = p9p, P -i + P - 1 for r i < P < e. 

Notice that in the case eo > 0, one has: Let p with 1 < p < e be given. Consider the 
unique 1 < i < eo such that r« < p < r i+ i. (Recall the if r; = e, then r i+ i := e + 1 by the 
convention above!) Then for all p with 1 < p < A one has: 9^ p ^ if and only if p < di. 
The fundamental combinatorial property of {9p,,p)i< f i<N,i<p<e is given by the following: 

Lemma 3.3. For 1 < i < eo and r,i < p < r i+ \ one has: i p + 1 = J2i<u<dS®^p + -Q- 

Proof. The proof follows by induction on p = 1, . . . , e. Indeed, if eo = 0, then N — 1, and 
there is nothing to prove. Thus supposing that e > 0, one argues as follows: 

• The assertion holds for p = 1: First, if r\ > 1, then 9p t \ = for 1 < p, thus there is 
nothing to prove. Second, if r\ = 1, then qi > and d\ = l + q\. Further, by the definitions 
one has: 6>ii = €\ and M; i = p — 1 for 1 < p < d±, and conclude by the fact that u\ = pqi + €\. 



Here and elsewhere, we set 8p : o '■= as well as io = and « Mj o = 0. 
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• If the assertion of Lemma [3731 holds for p < e, the assertion also holds for p+1: Indeed, 
let i be such that r, < p < r i+ \. 

Case 1 : p+1 < r i+1 . Then r^ < p + 1 < r i+1 , and in particular, p + 1 is not an essential 
jump index. Hence by definitions one has that i p+ i = pi p + e p+ i with < e p+ i < p. On the 
other hand, by the induction hypothesis we have that i p = d lp + Ysi<u<di(Op,p + -*-)■ Hence 
taking into account the definitions of # M . P , we conclude the proof in Case 1 as follows: 

V+i + l = P l P + e P+i + 1 

= Ap + Ei< M <d ! H,p + ri + e P+i + 1 

= (pdi, P +t + e P+ i + 1) + Ei<^ ((P^p +p - 1) + 1) 

= Kp+i + 1) + Ei< M < dl (^,p+i + !) 

Case 2 : p + 1 = rj+i. Then p + 1 is an essential jump index, thus by definitions one has: 
V+i = Pip+Plp+i+tp+i with < Qp+i and < e p+i < P> di+i = di+qp+i, r i+1 < p+1 < r i+2 . 
On the other hand, by the induction hypothesis one has i p = 9i tP + Y^i<u,<d(® p-,p + -0- 
Therefore, using the definitions of 9 PjP we get: 

l P +i + 1 = pi P + pq P +\ + e p+ i + 1 

= (p8i, P + ep+i + 1) + Ei< M <d, (p 9 ^p +P)+ PQp+i 

= (h, p+ i + 1) + Ei<,< dl {(pOp, P + P -i) + i) + £^< di+1 ((p - 1) + 1) 

= Kp+i + i) + Ei< M < dl+1 (^p+i + i) 
= Ei< /i <d 1+1 (^,p+i + 1 )- 

This completes the proof of Lemma 13.31 □ 

B) Generic liftings 

Let &[[£]] ^+ k[[z}} be a Z/p e -cyclic extension with upper ramification jumps i\ < ■ • • < i e . 
Recall that setting K = k((t)) and L = k((z)), in the notations introduced in section 2, B), 
there exists p = (pi(t _1 ), . . . , p e (£ -1 )) such that L = K p , where p is in standard form, i.e., 
either p p (t _1 ) = or it contains no non-zero terms in which the exponent of t~ l is divisible 
by p. And by the discussion in section 2, B), one has that 



/ 



p 



max{p«p_i,deg(p p (t 1 ))}, p = l,...,e. 



Fact 3.4. Let c := \h\{t l ),...,h e (t 1 )) be an arbitrary Witt vector with coordinates 
in fc[t -1 ]. For a fixed polynomial h(t~ l ) e &[£ _1 ], let Ch,i be the Witt vector whose i th 
coordinate is hit -1 ), and all the other coordinates are equal to G fc[t -1 ]. Then c := c + Ch t i 
has coordinates c = (/^(i -1 ), . . . , h e {t~ l y\ satisfying the following: 

a) hj{t~ l ) = hjit' 1 ) for j < i. 

b) h t (t- 1 ) = h l (t- 1 ) + h(t- 1 ). 

c) deg(/i J (t~ 1 )) < max{deg(/ij(£ -1 )), p j ~ i deg(h(t^ 1 ))} for all i < j. 



Definition/Remark 3.5. 

1) In the above context, let q := (gi(t -1 ), . . . , g e (t -1 )) with q p {t^ x ) G A;[t _1 ] be some 
generator of L\K, i.e., L = K q . We say that q is normalized if z p = deg(g p (t~ 1 )), p = 1, . . . , e. 
And we say that q is separable, if each g p (£ _1 ) is a separable polynomial (in t~ r ). 

2) We notice that if q := (gi(t _1 ), . . . , g e (£ -1 )) is some given Witt vector and L := K q , 
then q is normalized if and only if it satisfies: deg(gi(t -1 )) is prime to p, and for all 1 < p < e 
one has that p\deg(q p+ i(t~ 1 )) implies deg(q p+ i(t^ 1 )) = pdeg(q p (t^ 1 )). 

3) Given a generator p = (p 1 (t~ 1 ), . . . , p e (t -1 )) in standard form for L\K, one can con- 
struct a separable normalized generator q = (q , 1 (t~ 1 ), . . . , q e {t~ 1 )) as follows: Consider Witt 
vectors of the form c := (hiit^ 1 ), . . . , /^(t -1 )) with hpit" 1 ) G k\t~ 1 } and deg(/i p (t~ 1 )) = « p _i 
for 1 < p < e, which are "inductively generic" with those properties. Then setting 

q=:p+p e (c) =: (gi(* -1 ), . . . ,g e (* -1 )), 

it follows that A" 9 = L = K p , thus q is a representative for p modulo p e (K). And applying 
inductively Fact 13.41 above, one gets: If pi p -\ < i p , then deg(/i p (£ -1 )) = deg(p p (t^ 1 )) = i p . 
Second, if pi p -\ = i p , then deg(p p {t^ 1 )) <i p = p% p -\- Hence applying Fact 13.41 inductively, 
since h p {ir v ) is generic of degree z p -i, we get: deg(g p (t -1 )) = pdeg(/i p _i(t -1 )) = pi p -\ = i p , 
and each q p {t~ l ) is separable. 

Coming back to our general context, let p = (pi(t _1 ), . . . ,p e (^ -1 )) be a normalized gener- 
ator for L\K. Let (6 ] fJ ,,p)i<p,<N,i<p<e be the matrix of non-negative integers produced in the 
previous subsection A). Since k is algebraically closed, we can write each polynomial p p (t~ l ) 
as a product of polynomials p M)P (t _1 ) as follows: 

with deg(pi, p (t -1 )) = 9 1>p , deg(p AtjP (t~ 1 )) = 6 P)P + 1 for p > 1, Q^ p ^ 0, p P)P = 1 if 9 PtP = 0. 

For the given elements x p G ujo, p = 1, . . . , iV we set t p := t — x p G o[t]. And for 
a fixed choice p^pijT 1 ) G fc[t -1 ], we let Pp,, p {t~ l ) G oft" 1 ] be "generic" preimages with 
deg(P PjP {t' fl 1 )) = deg(p pjtP (t~ 1 )) for p = 1, . . . ,N and p = 1, . . . , e. In particular, each 

^p := lip ^(V 1 ) G °& • • -'O c ^i ^> P = 1, • • • ,e 

is a linear combination of monomials in (t — Xi) _1 , ...,(£ — xtv) -1 with "general" coefficients 
from o such that under the specialization homomorphism A Xu ...,x N — ► Aft -1 } they map to 
Pp = Ppi^ 1 )- To indicate this, we will write for short 

PpA^^ppA^ 1 ), Pp^Ppit- 1 ). 

We set P := (Pi, . . . , P e ) and view it as a Witt vector of length e over /C, and consider 
the corresponding cyclic field extension C := K,p. Let A *— >■ £> be the normalization of „4 
in K M- £. Since ^4 = /c[[tz7, £]] is Noetherian and /C ■— )• £ is separable, it follows that B is a 
finite ^4-algebra, thus Noetherian. And since A is local and complete, so is B. 

We next have a closer look at the branching in the finite ring extension A e -¥ B. For 
that we view A °->- B as a finite morphism of o := fc[[t*7J] algebras, and introduce geometric 
language as follows: X = Spec A and ^ = Spec B. Thus .4. <->■ £> defines a finite o-morphism 
y ->■ #. Further let 2) := Spec 5 -» Spec 71 =: X and F := Spec B/(iu) -> Spec ^/(w) =: A 
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be the generic fiber, respectively the special fiber of y — > X . In particular, X = Spec A and 
Y — > X is a finite morphism. We further mention the following general fact for later use: 

Fact 3.6. Let /C H- £ be a cyclic extension of degree [C : K] = p e with Galois group 
G = Z/p e , say defined by some Witt vector a = (a l5 . . . , a e ) G W e (K). For every < m < e 
let K M- £ m be the unique sub-extension of /C =-> C with [£ m : /C] = p m , hence Cq = K and 
£ e = £. Let f be a discrete valuation of /C, say with valuation ring O v C /C and residue field 
O v —^ k v , f ^ f, and let T s C Z„ C G be the inertia, respectively decomposition, subgroups 
of f in G. Then for all m with 1 < m < e the following hold: 

1) Let f(ai), . . . ,v(a m ) > 0. Then T v C p m G, and Z„ C p m G iff (ai, . . . ,a m ) G im(p m ). 

2) If f (a m ) is negative and prime to p, then p m ~ 1 G C T„. 

We notice that since ^4. = /c[[c7, t]] is a two dimensional local regular ring, X is a two 
dimensional regular scheme. Therefore, the branch locus of y — > X is of pure co-dimension 
one. Thus in order to describe the branching behavior of y — > X one has to describe the 
branching at the generic point (zu) of the special fiber X C X of X, and at the closed points 
x of the generic fiber X C X of X. 

• The branching at (to) 

We recall that /C °-> C is defined as a cyclic extension by P := (Pi, . . . , P e ), where each 
P p is of the form P p = Yl^P^pit' 1 ) with Pp^t' 1 ) G o^ 1 ] C A Xlt ..., XN is some generic 
preimage of p^pit -1 ) with degree satisfying deg(P /i;P (i~ 1 )) = deg(p MiP (£ _1 )). In particular, 
the elements Pp,, P {t~ 1 ) are not divisible by w in the factorial ring A xl ,...^e N - Therefore, the 
elements Pp^it' 1 ) are units A( m ). By Fact 13.61 we conclude that w is not branched in /C ^-> £, 
and therefore, the special fiber y — >• X of 3^ — >• A? is reduced. Moreover, since P\ i— >■ pi(t _1 ), 
and the latter satisfies Pi^" 1 ) G" p(if), it follows by Fact ESI 1), that Gal(£|/C) is contained 
in the decomposition group of v m . In other words, w is totally inert in K ^-> £. In particular, 
3^ — >• A? is etale above ccj, and moreover, the special fiber Y — > X of 3^ — >■ Af is reduced, 
irreducible, and generically cyclic Galois of degree p e = [L : if]. 

• TTie branching at the points of the generic fiber x G X 

Recall that k = k({w)) and that X = Spec TZ, where 1Z = A ®k\[xo]] & is the ring of power 
series in t with bounded coefficients from the complete discrete valued field k. [Thus X is 
actually the rigid open unit disc over k] If x G X is a closed point different from xi, . . . , xjy, 
and Ax is the local ring of X at x, it follows that P±, . . . , P e G Ap- Hence by Fact I3.6[ 1), it 
follows that x is not branched in /C ■=->■ C Thus it is left to analyze the branching behavior 
of 2) — > X at the closed points x±, . . . , Xn G X. In this process we will also compute the total 
contribution of the ramification above x M to the total different Qsyr f° r // = 1, . . . , iV. 

Recall that every x M is a & rational point of X, and £ p := t — x M is the "canonical" 
uniformizing parameter at x M . Thus /C p := £((£ M )) is the quotient field of the completion of 
the local ring at Xp, and we denote by v^ : /C* — > Z the canonical valuation at x^. We notice 
that t v = x^ — x v + 1^, hence by the "genericity" of P Atp (t~ 1 ), we can and will suppose that 
P^pit' 1 ) is a t^-unit in /C M . We conclude that there exist t^-units 771, . . . rj e G /C M such that 
denoting by £ M the compositum of /C M and £, the cyclic extension /C M °-> £ M is defined by 
the Witt vector: 

Pp=(VlPp,l(tp l ),---,VePpAtp 1 ))- 
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Case 1 : \i = 1. 
First, by definitions we have deg(Pi iP (t^ 1 )) = deg(pi p (t~ 1 )) = 6\ tP for all p. Second, by 
the definitions of {Oi,p)i< P <e it follows that (pi i i(t~ 1 ), . . . ,pi je (t~ 1 )) is actually a normalized 
system of polynomials in A;[t -1 ]. Hence by Definition/Remark 13. 5[ 3), it follows that the 
upper ramification jumps of /Q <^-> C\ are precisely #1,1 < • • • < 9i ie , and in particular, one 
has [£1 : fCi] = p e . 

Case 2 : 1 < p, hence one has < iVo as well. 
In the notations from the previous subsection A), let 1 < % < No maximal be such that 
dj_i < //. Then by the definition of (Ofj,,p)i<p<e we have: 9^ p = for p < r^ 8^ n = p — 1, 
and 6^p = p9p, tP -\ +p — 1 for r« < p < e. Further, again by definitions, one has P^pit^ 1 ) = 1 
for 9^ p = 0, i.e., for p < ri. And P^pit" 1 ) is generic of degree 6^ p + 1 for r^ < p < e. Hence 
the Witt vector Pp := (viPpAtp 1 ) , • • • > VeP^eitp, 1 )) satisfies the following conditions: 

- VpP^A^ 1 ) = V P for 1 < p < r^ 

- ripP pp {t~ l ) is a generic polynomial of degree 6^ p + 1 for rj < p < e. 

In particular, by Fact 13.61 one has that v p is unramified in the sub-extension /C c — > £ n -i of 
degree p T% ~ x of /C <-* £. We claim that £ n _i M- £ is actually totally ramified, or equivalently, 
that Gal(£|£ n _i) C Gal(£|/C) is the inertia group of v p , hence the ramification subgroup of 
v p , because there is no tame ramification involved. Indeed, it is sufficient to prove that this 
is the case after base changing everything to the maximal unramified extension JC P ■=->■ /C° r 
of JCp,. Recall that for p with r, < p < e we have by definitions that Pp, P {t~ l ) G o^" 1 ] is 
a generic polynomial in t~ l over = fc[[ta]] of degree 8 PtP + 1. Hence for p = r^ we have: 
0p,,n + 1 is divisible by p and Pp^it' 1 ) is generic. But then it follows that the standard 
representative Q^nit' 1 ) e ^[tp 1 ] of Pp,p(t~ r ) modulo p(lC p ) has degree 6 P)P . Thus by 
Fact 13.61 3), it follows that v p is totally ramified in the field extension fC™ ■=-)• C™ and that 
pe-n+i _ j£^ r . £"]. Combining this with the fact that v p is unramified in /C <-> £ n _i and 
p ri_1 = [jC ri _i : /C], it follows that K, <^-> £ ri -i is the ramification field of t> M in /C ^-> C. 
Equivalently, Gal(£|£ r ._!) C Gal(£|/C) is the ramification subgroup of v p . 

We next compute the degree of the local different of 1Z =->■ 5 above a;^. Recall that /C c -> C 
is defined by the Witt vector 

Pp=(viPp,i(t; 1 ),..., Ve P Pte (t^)). 

On the other hand, Pp is equivalent modulo p e (/C" r ) to its standard form 

P^iQpAt- 1 ),...^^- 1 )) 

with Q M)P = for 1 < p < rj and deg(Q /t!e (i~ 1 )) = # M)/3 for r { < p < e. Hence setting 

Qp = {Qp,r t (t-p 1 ),---,QpAt-p 1 )), 

it follows that Qp is a Witt vector of length e — r^ + 1, and Q M is in standard form, and the 
cyclic extension )C* ^-> £^ r is defined by Q M . Hence setting e M := e — rj + 1, it follows that 
the cyclic field extension lC p <-» £^ r has degree p e,J - and upper ramification jumps given by 

(*) W = de g(Q^+^(i; 1 )) = ^,r i+ «,-i, 1/ = 1, . . . , e M . 
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C) Finishing the proof of Key Lemma \3.S\ 

Let 2)^ be the local part above x M of the global different IDs^r of the extension of Dedekind 
rings 1Z <-> S. Then \S.K t -¥ C z <-¥ C T M- C are the decomposition/inertia subfields of v^ in 
the cyclic field extension /C ■=->■ £, by the functorial behavior of the different, it follows that 

deg(S M ) = [«(*„) : k] ■ [C T : /C] • deg(%^). 

On the other hand, since x M G m , one has «(x M ) = ft. Further, by the discussion above one 
has that C T = C n -i, thus p Ti ~ l = \C T : /CI. And deg(2)£ nr |£ nr ) can be computed in terms of 
upper ramification jumps as indicated at the end of section 1), A): 

deg(%^-) = Ei<„< eM (w + IW~P U - 1 )- 
Hence taking into account the discussion above, we get: 

deg(£ M ) = K^):K]-[£ T :/C]-deg(D c|/c „ r ) 

= / i_1 Ei<,,< e/i (w + 1 )(^-^~ 1 ) 

= E r ,<,<e(^ + 1)(/-/1 

Recall that 2 P + 1 = Eu(^,p+^) f° r all 1 < p < e, where Eu * s taken over all \x with Mi/O 7^ 0. 
Further, deg(S)i) = Ei<^(^V + l)(P p -P H ) and deg(^) = £ ri < p < e (0„,„ + ^(p'-V -1 ) 
for all 1 < jjl < N . Therefore we get the following: 



deg(S) 5 |7e) 



£ deg(D M ) 

l<fi<N 




l<p<e 


-p p - 1 )+ E E E ( 

l<i<No di-i<(j,<di ri<p<e 


E (0i, p + i)(p p - 

l<p<e 


-p p ~ 1 )+ E E E 

l<t<No n<p<r i+1 do<fi<di 



l^ + lW-pO- 1 ) 



p-u 



hp + l)(p p -p 

do<n<di 

- E E E (^h-i)(p p -p p_1 ) 
= E E (v + i)^-^ 1 ) 

l<i<jV"o n<p<ri + i 

= E (v + i)(K-p p_1 ) 

l<p<e 

= deg(S) L | X ). 

We thus conclude the proof of Key Lemma [3.21 by applying Kato's criterion Fact 12. 1[ 

D) Characteristic p global Oort Conjecture 

Theorem 3.7. (Characteristic p global Oort conjecture) In the notations from the Key 
Lemma VS. "A let Y — >■ X be a (ramified) Galois cover of complete smooth k-curves having 
only cyclic groups as inertia groups, and set X := X x^ 0. Then there exists a G-cover 
of complete smooth o-curves y o -» X with special fiber Y — )■ X such that the generic fiber 
34 — ¥ Xk of y o — > X has no essential ramification. 
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Proof. First, as in the case of the classical Oort Conjecture, the local-global principle for 
lifting (ramified) Galois covers, see Garuti [8], §3, as well as Saidi [28], §1.2, where the 
proofs of Propositions 1.2.2 and 1.2.4 are very detailed, reduces the proof of the Theorem 13. 71 
to the corresponding local problem over o. Further, exactly as in the case of the classical 
local Oort Conjecture, the local problem is equivalent to the case where the inertia groups 
are cyclic p-groups. One concludes by applying the Key Lemma 13.21 □ 



4. Proof of Theorem 11.11 
A) Generalities about covers of P 1 

Notations 4.1. We begin by introducing notations concerning families of covers of curves 
which will be used throughout this section. Let S be a separated, integral normal scheme, 
e.g., S = Spec A with A and integrally closed domain, and k := k(S) its field of rational 
functions. Let k(t) <— >• F be a finite extension of the rational function field k(t). 

1) Fl s = Proj Z[to,ti] x S is the t-projective line over S, where t = ti/t is the canonical 
parameter on P*^. In particular, ¥^ s is the gluing of its canonical affine lines over S, namely 
A] tS := SpecZfi] x S and Aj_i s :=' SpecZfr 1 ] x S. 

2) Let k(t) M- F be a finite extension, and y t ,s -> A} s and 3V 1 , s — > Aj_i s the corre- 
sponding normalizations in k(t) °-> F. Then the normalization 3^ — > P/s of F^ s in k(t) M- F 
is nothing but the gluing of 3^,s ->A| S and 3V 1 , s — > &]-i $• 

3) For every p e S we denote by p M- S 1 the closure of p in S (endowed with the reduced 
scheme structure). We denote by O p := Og,p the local ring at p 6 S. We set S p := Spec O p 
and consider the canonical morphism S p c — ¥ S. We notice that p c -> S 1 is both the generic 
fiber of p <-> S 1 and the special fiber of S p "-^ S at p. We get corresponding base changes: 

^->P; f) 3>5p-Hfo p , 3W^ P 

where y p — > P^ p is both the generic fiber of y p — > P*- and the special fiber of 3^s p — > ^t,s ■ 

4) Finally, affine schemes will be sometimes replaced by the corresponding rings. Con- 
cretely, if S = Spec A, and k = Quot(A), for a finite extension k(t) c — >■ F one has/denotes: 

a) The t-projective line over A is P t x A = SpecAft] U Spec Aft -1 ], and the normalization 
yA — > P/a °f Fti4 m k(£) ^ -F 1 is obtained as the gluing of Spec7£ t — >• Spec A[£] and 
Spec7£ t -i — > SpecA[i _1 ], where TZ t , respectively TZt-i, are the integral closures of 
A[t], respectively of A[£ _1 ], in the field extension k(t) c -^ F. 

b) For p e Spec(v4) one has/denotes: 3^A/p _ > ^tA/p anc ^ ^ a p ~* ^*t,A are the base 
changes of 3^4 — > P/a under A — » A/p, respectively A ^ A p ; and finally, the fiber 
y Kp —¥ P* K of 3^4 — >■ P^a is both, the special fiber of 3V P — ► P*a an d the generic 
fiberof^A/'p^PiA/p- 

In the above notations, suppose that A = O is a local ring with maximal ideal m and 
residue field n m . Let O v be a valuation ring of k domination O and having n m = k v . 
We denote by 3^0 ~ ^ P^o an< ^ ^o„ — *■ ^to the corresponding normalizations of the the 
corresponding projective lines. The canonical morphism Spec O v — > Spec O gives canonically 
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a commutative diagrams dominant morphisms of the form: 

yo v -> n,o v y* -> ;y „ <- y v 
11 1-11 

3^0 ->■ Ko y k ^ y ^ y m 

We denote by r/ m G P* m the generic point of the special fiber of P^, and by rj m>i G 3m the 
generic points of the special fiber of 3^e>- Correspondingly, r] v G P/^ is the generic point of 
the special fiber of P^q , and 77^ G 34 are the generic points of the special fiber of 3^ev We 
notice that P^ — > ¥} m is an isomorphism (because K m = k v ), and by the valuation criterion 
for completeness, for every r] m j there exists some t) V) j such that rj Vt j !->■ ?7 TO) i under 34 — ► 3m- 
The local ring Vv of 77,, G P^ is the valuation ring of the so called Gauss valuation v t of 
k(t), thus Vv are the valuation rings of the prolongations Vj of v% to F. Finally, for every 
complete fc-curve C we denote by gc the geometric genus of C. 

Lemma 4.2. In the above notations, let Y m i — > 34n,i be the normalization o/3Vi- Sup- 
pose that [K(^ m ,i) : K m (t)] > [F : fe(t)] and t/iat 34 is smooth. Then the following hold: 

1) The special fibers 3m and y v are reduced and irreducible. 

2) If gy m .i — 9y k > then yo v ~* ^lo ^ s a cover of smooth O v -curves. 

Proof. To 1): Let i] v>1 i-> r} m>1 . Then k^ M- K Vvl , thus [/^ ml : «m(t)] < [k VvA : ««(<)]. 
Hence using the fundamental equality and the hypothesis one gets that 

[«(t7 Vi i) : «„(*)] > [«(7/ m ,i) : K m (t)] > [F : k(t)] = J2j[ K ^ ■ K>v(t)]e(Vj\v t )8(Vj\v t ), 

where e(-|-) is the ramification index and S(-\-) is the Ostrowski defect. Hence we conclude 
that ui\ is the only prolongation of v t to F, and e(vi\v t ) = 1 = S(vi\v t ). 

To 2): Since y v is reduced and irreducible, by Roquette [26], Satz I, it follows that the 
Euler characteristics of the special fiber y v and that of the generic fiber 34 of 34)„ are equal: 

x(34|&) = x(34M- 
Since y v dominates y m , one has n(y m ) ^ k(34), hence one has g;y m < gy v . Thus 2) implies: 

1 - 9Y mA <l~9y k = x(yk\k) = x(34K) < x(Yv\*v) < x(^m,il K m) = 1 - 9Y mA - 

Hence all the above are equalities, thus finally one has that (y v \K v ) < x(Y v \k v ). Therefore, 
the normalization Y v — > y v is an isomorphism, and 34>„ is smooth. □ 

In the context above, let A = O be a valuation ring and v be its valuation. Let v := t>o °f 1 
be the valuation theoretical composition of two valuations, say with valuation rings 0\ C k, 
respectively O C k , where k Q := kv\ is the residue field of V\. Then kv =: k := k v is the 
residue field of both v and Vq. Let t G F is a fixed function, and to := ^o,t be the residue of 
t with to the Gauss valuation t> 0i on k(t). Suppose that the following hold: 

i) The special fiber 34, s of the normalization 34 — > P/d °f ^to-, * n k(t) ^ F is irreducible. 
Thus Vi >t has a unique prolongation W\ to F, and F := Fwi = «(34,s)- 

ii) The special fiber 34, s of the normalization 34 _ > ^to °f ^to m ^o(^o) *-> Fq is 
irreducible. Thus v 0>to has a unique prolongation w to F , and F u>o = k(34,s)- 
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Lemma 4.3. (Transitivity of smooth covers) In the above notations, suppose that the 
hypotheses i), ii) are satisfied. Set w := w$ o w±, and let y — > F^ be the normalization of 
P t in k(t) <-> F. Then w is the unique prolongation of vt to F , and the following hold: 

1) The base change of y under O <-» Vl is 3^i = ^XoO^ canonically, thus 3^i, s = 3^mi 
is the fiber of y at the valuation ideal mi G Spec O of V\. 



2) Let yo Q — > P^Oo be the base change of y -+ W>1 under the O — » O . Then y ] 



mi 



IS 



the generic fiber o/3^o and 3^o — >* Pf 1 © ^ s ^ e normalization of 3^e> — >• P*o • 
In particular, y is a smooth O-curve if and only if 3^i zs a smooth 0\ curve and 3^o is a 
smooth Oq- curve. 

Proof. Klar, by the discussion above, and Roquette [26], Satz I, combined with the fact that 
a projective curve is smooth if and only if its arithmetic genus equal its geometric genus. □ 

B) A specialization result 

We begin by recalling the following two well known facts. The first one is by Katz (and 
Gabber) [13]: Let k be an algebraically closed field with char(fc) = p. Then the localization 
at t = defines a bijection between the finite Galois p-power degree covers of P 4 x fc unramified 
outside t — and the finite Galois p-power extensions k[[t]] ■— » k[[z]], and this bijection 
preserves the ramification data. Thus given a cyclic Z/p* -cover k[[t]] <-)■ k[[z]], there exists 
a unique cyclic TLjp^ cover of complete smooth curves Y\. — » P^ which is branched only at 
t = (thus totally branched there) such that &[[£]] c — )■ fc[[^]] is the extension of local rings 
of Y -> Fl k above t = 0. We will say that F ->■ P* fc is the KG-cover for k[[t}} M- fc[[z]]. 
The second fact is the local-global principle for the Oort Conjecture, see e.g. Garuti [8], §3, 
Saidi [28], §1.2, especially Proposition 1.2.4, which among other things imply: 

LGP 4.4. Let k[[t]] <— >■ &[[#]] fre a 1,/pf -extension and Y^ — > P* fc be its KG-cover. Further 
let W(k) '-¥ R be a finite extension ofW(k). Then the Z/p-' -extension k[[t\] °-^ k[[z]] has a 
smooth lifting over R if and only if the "L/pf -cover Y k — > P 4 x fc has a smooth lifting over R. 

Next let / be a fixed positive integer, and consider a finite sequences of positive numbers 
t '.= {ix < " • < if) satisfying: 1 < %\ is prime to p, and i u+ \ = pi v + e with e > and e prime 
to p if e > 0. For such a sequence t, let \i\ — i\ + ■ • • + if and consider P l = (P l7 . . . , Pf) 
a sequence of generic polynomials P v = Pyit^ 1 ) of degrees deg (Pj) = i v for 1 < v < f. 
In other words, all the coefficients a v>p , 1 < v < f, 1 < p < i v of the polynomials P u 
are independent free variables over F := F p . Let A % : = F[(a^ p )^ p ] be the corresponding 
polynomial ring and A 2 ' = Spec A t the resulting affine space over F. 

For every x G A 1 * 1 let k x be any algebraically closed field extension of F, and x G A w (k x ) be 
a fc^-rational point of A* 1 defined by a F-embedding (fi x : k x ^-¥ k x . Let p lx = (px,x, ■ ■ ■ iPf,x) 
and p hX = (px,x, • • • , Pf,x) be the images of P % over k x , respectively k x . Then one has virtually 
by definitions that p„ )3f = (j) x {p v<x ), thus p ljX = (f) x (p t)X ). In particular, if deg(P u ) = deg(p u ) 
for all v, then p lx gives rise to a cyclic extension k x [[t]} ^-> fe^H^a;]] of degree p^ and upper 
jumps « = («i, . . . , if), and canonically to its KG-cover Y kx — >• P* fe . 

Definition 4.5. For F 4 ^ as above, let ^[[i]] c — > fc^H^]] be a cyclic Z/p^-extension 
and Y kx — >■ P^ be its i^G-cover. We say that ^[[t]] — >■ ^[[^j] is an i-extension at x G A* 1 
and that Y kx —¥ P t fc is an i-KG-cover at x G A 1 ', if ^[[t]] =-> fc x [[^a;]] has t = (zj, ...,?/) as 
upper ramification jumps. 
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Notations 4.6. We denote by E 2 C A 1 * 1 the set of all x G A J| which satisfy: There exists 
some mixed characteristic valuation ring R x with residue field k x such that some i-KG-cover 
Y kx — > Fl k has a smooth lifting over R x . 

Proposition 4.7. In Notations \4-6j suppose that E t C A 1 * 1 is Zariski dense. Then there 
exists an algebraic integer n % such that for every algebraically closed field k of characteristic 
char(fc) = p one has: Every i-KG-cover Y k —¥ W^ k has a smooth lifting over W(k)[ir l \. 

Proof. The proof is quite involved, and has two main steps as follows: 
Step 1. Proving that the generic point r) t G A 2 ' lies in Ej 

Let il be an ultrafilter on E which contains all the Zariski open subsets of E. (Since E is 
Zariski dense in the irreducible scheme A* 1 , any Zariski open subset of E is dense as well, thus 
ultrafilter il exist.) Let k x — y Q x C R x be any set of representatives for for R x . Consider the 
following ultraproducts index by E: 

*k ■= (nM/ii^*e : = (iLeJ/uc *w ■.= (Yl x w(k x ))/a^ {UM/a=- *R- 

By general model theoretical principles, it follows that *R is a valuation ring having residue 
field equal to *k, and *G C *R is a system of representatives for the residue field *k of *R. 

Next, coming to geometry, by general model theoretical principles, it follows that the fam- 
ily of Z/p e -covers Y x — y P t x fc with upper ramification jumps % = («i, . . . , if) gives rise to a 51- 
generic Z/p-^-cover Y* k — y P 4 1 » fc of complete smooth *fc-curves with upper ramification jumps t. 
Precisely, setting *p u := (p u , x ) x /il, the system of polynomials *p x = (*pi(£ _1 ), • • • , *Pf(t~ 1 )) 
defines the local extension *k[[t]] ^-y *k[[z]] of Y* k —y F^, k at t — 0. Moreover, consider the 
*/c-rational point *<f) of A 2 ' defined by 

(*) *4>r H : K m -> * k > *<P v S a v,p) := (<Px(a u , p )) x /U. 

Then *p t = *<ft (P z ), which means that *<ft is the */c-rational point of A w defining *p % . 

Again, by general model theoretical principles for ultraproducs of (covers of) curves, the 
family of the Z/p^-covers y^ —y ¥^ R with special fiber Y x —y ¥^ k gives rise to a TLjp' -cover 
y*n —y Fl* R of complete smooth *i?-curves, with Y* k —y P^ as special fiber. 

Let A* 1 c — y P |J| be the canonical embedding of the affine F-space A* 1 := Spec F[(a I/iP )^ p ] into 
the corresponding projective F-space P |J| := Proj F[£ , [t v ,p)v,p] via the t -dehomogenization 
a-u,p = tv,p/to- Letting Zq := Z be the maximal unramified extension, and 

A';' o = SpecZo^p),,^] and PjJ = Proj Z [t , {U, P )u,p\, 

the embedding A 1 * 1 <-y F w is the special fiber of A 1 ^ <->■ P 1 ^. Notice that *(j) : A t —y *k gives 
rise via *k —y *0 canonically to an embedding of Zo-algebras defined by 



: A,z ■= Z [(a UiP ) UtP \ M> *R, a UtP h-> *<f) Vl {a 



v,p) 



Let V be a projective normal Z -scheme with function field k(V) embeddable in Quot(*R), 
say via k(V) ^-y Quot(*i?), such that the following are satisfied: 

1) Let peFbe the center of *w of *R on V induced by «(V) ■—>■ *R, and O p the local ring 
of p. Then the Z/p-^-cover of complete smooth *i?-curves y*R —y P^ is defined over Op. 
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2) The image of *<p z : A^ z — > *R is contained in the image of k(V) ■=->■ *i?, and the 
resulting embedding A t>Zo <— >■ k(V) is defined by some proper morphism 

V -> p 1 * 1 



z. 







We notice that condition 1) means that there exists a Z/p-^-cover of complete smooth 
Cp-curves 3^e> p — >■ P^o sucn that ^*R — * ^t 1 */? * s the b ase change of 3^e> p — >■ P^ under 
O p =->• *R. In particular, if O p — > k p is the residue field of Op, then the special fiber 
Y p —y P^p of 3^e> p — ► P/o * s a Z/p-^-cover of complete smooth ^ p -curves whose base change 
under k p ^-y *k is canonically isomorphic to Y* k —y P^. In other words, the embedding 
*^ : A, ^ *fc defined by (*) above factors through A t M- «^ t M- « p , and p G V is mapped 
to the generic point p H- r/j of the special fiber 77, G P 1 * 1 M- P^ under V — y PzJ, . 

Recall that p C V the Zariski closure of p in V viewed as a closed Z -subscheme of V 
endowed with the reduced scheme structure. Since p 1 — >• 77^, one has that K Vl M- k p , hence k p 
has characteristic p, and p lies in the special fiber Vfc of V. We conclude that p c Vfr. 

Next, if p has codimension > 1, let V — > V be the normalization of the blowup of V along 
the closed Z -subscheme p. Let E±, . . . , E r C V be the finitely many irreducible components 
of the preimage of the exceptional divisor of the blowup. Then the generic points tj of the 
Ei, i = 1, . . . ,r are precisely the points of codimension one of V which map to p under 
V — > V, and Uj-Ej is the preimage of p in V. Further, if r = t, is fixed, and O is the local 
ring of r G V and k x is its residue field, it follows that Op ^y O and k p ^-y k x canonically. 
Recall that by the property 1) above, 3^e> p — > Pj 1 © * s a Z/p-^-cover of smooth O p -curves with 
special fiber Y p — y P^p, whose base change under k p =->■ *fc is K& — > P^. Therefore, the 
base change 3^ — > P 1 ^ of 3-fop -> P^ defined by the inclusion p ■=->■ O is a Z/p^ cover of 

proper smooth (9-curves whose special fiber Y x — y P 4 x r is the base change of Y" p — y P t x p under 
k p ^-> K r . Hence choosing any k p -embedding K t ^-y *k, we get that the special fiber Y v — y ¥^ t 
becomes Y* k —y F^ under n v M- *fc. 

Hence by replacing V^ by V^ if necessary, we can suppose that p & V has codimension one, 
or equivalently, that p C Vf is an irreducible component of Vf. 

By de Jong's theory of alterations de Jong [7J, Theorem 6.5, there exists a finite extension 
of discrete valuation rings Zq ^-y Z := -Zo[7To] with ttq any uniformizing parameter of Z and 
a dominant generically finite proper morphism W — > V of projective .Zo-schemes with W 
strictly semi-stable over Z, i.e., the generic fiber of W is a smooth projective variety over 
Quot(Z), the special fiber W^ is reduced and satisfies: If Ww,j, j G J is any set of | J\ distinct 
irreducible components of Wfr, then flj-W^j is a smooth subscheme of W of codimension \J\. 
Hence the sequence of dominant proper morphisms of projective Z -schemes 



W ->■ V -> P^ 1 



satisfies: Let q 6W denote a fixed preimage of p. Then q has codimension one, because 
p does so. Further, the local ring q of q G W as a point of W dominates the local ring 
Op of p G V, thus one has a canonical inclusion Op c -> O q which gives rise to a canonical 
inclusion of the residue fields K Vt =->■ k p =-)■ K q corresponding to q — > p — >■ 77^. Recall that 
y<D p -^ P^o i s a Z/p-^-cover of smooth (9 p -curves with special fiber F p — y F^ p whose base 
change under K q ^-y *k is Y* k —y P/%. Let yo q — >• P^o be the base change of yo p —y P/o 



q 
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under O p c -y O q . Then 3^e> q — > P/o i s a Z/p-^-cover of proper smooth C q -curves whose 
special fiber Y q — y P* is the base change of Yp — >■ P^ p under k p c -y « q . Again, choosing 
any /^-embedding of « q ^-y *fc, one gets that the base change of the special fiber Y" q — >■ Pj 1 
under n q <^-> */c becomes Y*k — > f^* k . This means that the embedding *<p : A t ^ *k defined 
at (*) above factors through A % ^-y «^ *->• Kp <->■ K q , reflecting the fact that q !->• p i->- r/ z . 
In other words, there exists a *fc-rational point *<f) q : n q —y *k such that the given *fc-rational 
point *<fi : K Vt — > *k defined by *(j) : A % —y Spec *fc is of the form 

(**) K = *0 q ° («u. ^ «q)- 

Step 2. Finishing the proof of Proposition \4^i\ 

Let A := k(W) denote the function field of W, and F := K{y 0q ) be the function field 
of yOa- Then y^ —y P/o has as generic fiber a Z/p^-cover of complete smooth A-curves 
3^a - ^ Pf"x) an d gives rise to a Z/p extension of function field in one variable A(£) <-y F. 
Since O q is a (discrete) valuation ring, and 3^e> q — >• Pj 1 © is a cover of smooth (9 q -curves, it 
follows by the discussion in subsection A), that 3^e> q — > ^lo is precisely the normalization 
of P* c in the function field extension \(t) ^-y F . Notice that P* A is the generic fiber of 
f} w , and consider 

y w —¥ F tiW 

the normalization of P*^ in the field extension A(i) c — y F. We notice that the base change 
of yw -> ^t,w un der Spec O q M- VF is precisely 3^o q -> P^o • 

Lemma 4.8. Let a; G A 1 * 1 be such that the image p t)X = (pi, x , • • • 5 P/>) o/P 2 = (Pi, . . . , Pf) 
under A % — y k x satisfies c\eg{p y>x ) = deg(P^) for all v = 1, . . . , /. Let y Eq be a preimage of 
x G A 1 * 1 C P 1 * 1 under q — y p — y P |J| and O v be a valuation ring dominating O y with k v = K y . 
Then yo v — > P*© is a cover of smooth curves. 

Proof. Recall that yo y — > P/o is the base change of yw — > P/w under the canonical 
embedding SpecC^ ^-> W 7 , and in particular, 3^> — >• P^ is the normalization of P^ in 
the field extension \(t) ^-y F. Since y G q, and the geometric fiber y q —y P^ of y q —y P^ 
is a Z/p-^-cover of smooth complete curves, the same holds correspondingly, if one replaces 
O y = W:V by o y := %y = Oy / 'q, and X(t) ■->■ F by K q (t) M- Pq, where P q := «(3> q ) 
is viewed as function field over k„- Recall that the local extension K q [[£]] ^-y n q [[z q ]] of 
3^ q — y P/q at t = is defined by the image p l>q of P % under the canonical embedding 
A t c -y K n% <-y Kq. On the other hand, if o x denotes the local ring of x G A* 1 C P w then 
A l C o x and o^ dominates o x . Hence A % M- o y and therefore, p t ^ is defined over o^. Further, 
by the commutativity of the diagrams 

A % c_ y Oy r % l—y Pt,q 

^x ' ivy PtyX ' ' Pi,y 

it follows that the image of p %A under the residue homomorphism o y —y n y equals the image 
of p t , x under k x =->■ K y . Thus by the functoriality of the Artin-Schreier-Witt theory, it 
follows that every irreducible component of the special fiber of Pj dominates the KG-cover 
of P/ K defined by p %y . Since deg(p U}y ) = deg(p UtX ) = degP^ for all u, the latter cover 
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must have degree pf and upper ramification jumps i = (zi, . . . ,if). In particular, we can 
apply Lemma H~2l and conclude that the special fibers y y and y v are reduced and irreducible. 
In order to conclude, we notice that by the discussion above, the normalization Y y — y y y 
dominates the «-KG-cover of P* defined by p iy . Since every i-KG-cover has as genus a 
constant depending on % only, thus including the generic fiber it follows that gy y > gy^ ■ We 
thus conclude the proof of Lemma 14.81 by applying Lemma 14.21 □ 

Coming back to the proof of Proposition 14.71 we proceed as follows. Let k be any alge- 
braically closed field with char(/c) = p, and Y^ — > ¥^ k be an j-KG-cover, say with local ring 
extension k[[t]] <-¥ k[[z]] at t — defined by p % = (pi, ■ ■ ■ ,Pf)- 

In notations as introduced right before Lemma [4.8[ let x G A 1 * 1 and <p x : k x — y k be such 
that 4> x (p t)X ) = Pi- Since q — y p — y P 1 * 1 is dominant and proper, there exists a preimage y G q 
of x such that k x ^-y K y is finite. Since k is algebraically closed, there is a K x -embedding 
4> y : Ky M- k such that (fi x = <fiy ° ( K x ^ K y ). In particular, if p l>y is the image of p l>x under 
K x <-» K y , then p x = 4>y{Pt,y)- 

Let Wftj, j G J, be the irreducible components of W^ which contain y, and Wj := r\jWgj- 
Then Wj is a smooth F-subvariety Wj C Wfr, and the following hold, see e.g., de Jong [7], 
section 2.16 and explanations thereafter: Let O y be the local ring of y G W . There exists a 
system of regular parameters (ui, . . . , un) of O y which satisfy: 

i) Uj defines locally at y the equation of Wwj and 7i"o = U\ . . . u Uy . 

ii) (uj) n< j<N give rise to a regular system of parameters at y G Wj in O y /(ui, . . . , WnJ- 

Let r := (iti — Uj)j C O y be the ideal generated by all the U\ — «j, 1 < i < N. Then r is a 
regular point with (iti — Uj)i a regular system of parameters, and 

Zy := O y /t 

is a discrete valuation ring having n y := U\ (modtr) as uniformizing parameter, and n y y = 7r . 
In particular, if ttq was an algebraic integer, then so is it y . 

Let v\ be a valuation of F with center r, and residue field equal to k x = Quot(Z y ). And 
further, let Vq be the canonical valuation of Oq := Z y . Then the valuation ring O v of the 
valuation v := v o t^ dominates C^ and has «„ = /t^. Hence by Lemma [4.81 above, it follows 
that yo v — > P^o is a Z/p^-cover of smooth C\,-curves. Hence by Lemma [4. 3 1 it follows that 
yz y — > P/ z is a Z/pf -cover of smooth Z^-curves. 

Let nj = l.c.m.(n y ) y , and notice that n % is bounded by n\, where n = dim(W) — 1. 
Choose a fixed algebraic integer 7r such that Z = Z [ir ], and let ti z be defined by 7r™ 1 = 7r . 
Then there are canonical embeddings Z y ^-y W(K y )[7r y ] c -t W(k)[ir l ], and the base change of 
yz y — y ^t z un der Z y ^y W(k)[K t ] is a Z/pf -cover of smooth H^fc) [^-curves 

yw(k)[ir % ] ->■ Pt,W(fc)[7r«] 

with special fiber the i-KG-cover Y*. — > P^ of the given cyclic Z/p-^-extension k[[t\] ^-* k[[z]]. 
This concludes the proof of Proposition 14.71 □ 

C) The strategy of proof for Theorem \l.l\ 

We begin by recalling that there are several forms of the Oort Conjecture (OC) which are 
all equivalent, see e.g. Saidi [28], §3.1, for detailed proofs. 
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Let k be an algebraically closed field with char(fc) = p > 0. Let W(k) be the ring of 
Witt vectors over k, and W(k) <^-> i? denote finite extension of discrete valuation rings. We 
consider the following two situations, which are related to two variants of OC: 

a) Y — > X is a finite (ramified) G-cover of complete smooth /c-curves such that the inertia 
groups at all closed points y &Y are cyclic. 

b) Xr is a complete smooth .R-curve with special fiber X, and Y — > X is as a (ramified) 
G-cover of complete smooth curves as in case a) above. 

We say that OC holds over R in case a) or b), if there exists a G-cover of complete smooth 
.R-curves y^ — > Xr, with Xr the given one in case b), having the G-cover Y — > X as special 
fiber. And given a cyclic extension k[[t]] ^-> fc[[#]], we say that the local OC holds over R for 
k[[i\] *-> k[[z]], if there exists a smoth smooth lifting R[[T}} <-)► R[[Z}} of k[[t}] >-> k[[z]]. 

Fact 4.9. (Saidi [28], §3.1) The following hold: 

1) Local global principle for OC. Let Y — > X be a finite G-cover with cyclic inertia groups, 
and for y \-t x, let k[[t x ]] ^ k[[t y }} be the corresponding extension of local rings. Let X R be 
some complete smooth .R-curve with special fiber X. Then the following are equivalent: 

i) There is a G-cover of complete smooth .R-curves 3^i? — > Xr with special fiber Y — > X . 
ii) For all y i— y x, the local cyclic extension &[[£j] *— > k[[t y ]] has a smooth lifting over R. 

2) Equivalent forms of OC. The following assertions are equivalent: 

a) OC holds for all G-covers Y — > X as in case a), or b). 

b) OC holds for G cyclic and X = P* fc . 

c) OC holds for G cyclic and X = F^ k and Y — > F^ k branched at t = only. 

d) The local OC holds. 

e) Any of the assertions above, but restricted to cyclic p-groups as inertia groups. 

Thus in order to prove Theorem 11.11 from Introduction, we can proceed as follows: Let 

Y —¥ X be a given G-cover of projective smooth fc-curves, with branch locus Scl. Then 
for a given algebraic integer n and R := W(/e)[7r], and a smooth model Xr of X over R one 
has: The OC holds for Y — ¥ X over R iff the local OC holds for the local cyclic extension 
Mfcz]] ^ MtVl] over -^ f° r an x E Tj. Further, the local OC holds for a fixed local cyclic 
extension fc[[#a.]] c -> fc[[tj,]] over R if and only if the local OC holds over R for the p-power 
sub-extension k[[t x ]] M- fe[[^a:]] of k[[t x ]] ^-> &[[£«]]■ Thus the global assertion of Theorem ll.il 
is equivalent to the local assertion for cyclic p-power extensions k[[x]] ■=->■ fc[[^]]. 

We tackle the case of p-power cyclic extensions k[[t]] ^-> fc [[/?]] as follows. 

Step 1 . Let z = (zi,...z e ) be a fixed upper ramification jumps sequence. By Key 
Lemma 13721 and Theorem 13 . 71 1 her e exists some N and sequences t^ = (zi, . . . , i e ), 1 < // < iV, 
depending on « only, such that the following hold: Let o be a complete discrete valuation ring 
over with residue field k, and xi, . . . , Xn 6 tn be distinct points. Then for every i-KG-cover 

Y — >■ P t x fc there exists a Z/p e -cover of projective smooth o-curves 3^o — ^ P/o satisfying: 

a) The special fiber of y o —¥ ¥^ is the given z-KG-cover Y —¥ ¥^ k . 

b) The generic fiber y% —> P 4 X - of 3^o — > P/o is branched above xi,...,Xn onlyo 



3 N.B., y k ->■ Pj 1 -, is not always an i-KG-cover! 
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c) The upper ramification jumps above each x p are i p := (ii, . . . , i e ), // = 1, . . . , N. 

Step 2 . Let k ■— y I be an algebraic closure, and 3^ — >■ P^ be the base change of 34 — >■ P^. 
Then 3^ — >■ P* is a Z/p e -cover of projective smooth curves with no essential ramification. 

Hypothesis 4.10. In the Notations 14. 6[ suppose that for every i^ = (ii,...,i e ) with 

fi = 1, . . . ,N, the subset E t C A 1 ^ 1 is Zariski dense. 

For every fixed p, = 1,...,N, consider the i M -KG-cover Y^ — y P^ of the local r Ljp e ^- 
extension l[[t p }] c -> /[[-z^]], where z^ and t p are local parameters at y p i-y x^. Then by 
Proposition 14.71 applied for each i p = (zi, . . . , z M ), there exists some algebraic integer 7r M such 
that z M -KG-cover Y^ — >■ P^ has a smooth lifting over W(/)[7rJ. Thus by the local-global 
principle Fact 14 .9[ it follows that if n t is an algebraic integer such that 7r M G W / (/)[7r t ] for all 
H = 1,...,N then Y x ->■ P^ has a smooth lifting y 0l -> W>l 0l over Ox := W(0K]- 

Let V\ be the canonical valuation of Ox, and t>o be the (unique) prolongation of the 
valuation of o to /, say having valuation ring O . Then the base change 3^e> — y F^ of the 
Z/p e -cover of complete curves 3^> — * P* under o s> O is a Z/p e -cover of complete smooth 
CVcurves with generic fiber 3^ — > P* 1 /- And the Z/p e -cover of complete smooth /-curves 
3^ — >■ P^ is the special fiber of the Z/p e -cover of smooth Oi-curves 3^d - ^ P^ev The setting 
f := vq o t>! and letting O be the valuation ring of v , it follows by Lemma 14.31 that there 
exists a smooth lifting of Y — y ¥^ k to a Z/p e -cover of smooth (9-curves ~Yo —y P/q. 

Since the z-KG-cover Y — > P^ we started with was arbitrary, it follows that the Hypoth- 
esis [CTU] implies that E t = A 1 * 1 . Hence by Proposition 14. 71 we conclude that: 

Hypothesis \4-10\ implies the existence of an algebraic integer n t such 
that every i-KG-cover Y —y P^ has a smooth lifting over W(/e)[7r»]. 

D) Concluding the proof of the Oort Conjecture 

By the observation above, the proof of the Oort Conjecture is reduced to showing that the 
Hypothesis 14.101 holds for every system of upper ramification indices % = (zi, . . . , i e ) which 
has no essential jump indices, i.e., p% p -\ < % p < pt p -\ + p for p — 1, . . . , e. Via the local- 
global principle Fact I4.9[ this fact is equivalent to a (very) special case of the local Oort 
Conjecture, which follows from a more general (but still partial) result recently announced 
by Obus-Wewers [18J, see Obus [16J, Theorem 6.28. Here is the special case needed here: 

Key Lemma 4.11. (Special case of Obus-Wewers) In notations and context as above, 
let k[[t}} <—y k[[z]} be cyclic extension of degree p e which has no essential ramification. Then 
the local Oort Conjecture holds for k[[t\] ^-y k[[z]], i.e., k[[t]] ^-y k[[z]] has a smooth lifting 
over some finite extension R of W(k) to a smooth cyclic cover R[[T]] ^-y R[[Z]]. 



Proof. Recall that Lemma 6.27 from Obus [16] asserts that the local Oort conjecture holds 
for cyclic extensions k[[i\] t -y k[[z\] of degree p e , provided the upper ramification jumps 
i\ < ■ ■ ■ < i e satisfy: For every 1 < v < e, there is no integer m such that: 

I'V+l 

(*) Vt-i - pi v < pm < (i v+ i - pi v ) . 

Notice that if k[[t]] *-¥ k[[z}} has no proper essential ramification jumps, thus by definition 
iv+i < piv+p — 1 for all 1 < v < e, then the hypothesis (*) above is satisfied. Indeed, we first 
notice that pi v < i v+ \ implies that m must be positive. Hence setting 5 := i v+ \ — pi v and 
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u := i u , the second inequality becomes pm(5 + (j> — l)u) < 5(5 + pu), which is equivalent 
to p{p — l)mu < 5(5 + pu — pm). Hence taking into account that 5 < p — 1, we get: 
p(p — l)mu < (p — l)(p—l+pu—mp), thus dividing by (p — 1), we get: pmu < p—l+pu—mp, 
or equivalently, p(m — l)(u + 1) + 1 < 0, which does not hold for any positive integer m. □ 

This concludes the proof of Theorem 11.11 

Remark 4.12. The main result of Obus-Wewers, see [IE], Theorem 6.28, asserts that if 
the hypothesis (*) above is satisfied for all 3 < v < e, then the local Oort conjecture holds 
for the cyclic extension k[[t\] ^ [[z]]. Therefore, the Oort Conjecture holds unconditionally 
for n = 3, and the above hypothesis (*) kicks in only for exponents 3 < e. Unfortunately, 
for 3 < e, the hypothesis (*) becomes very restrictive indeed. Setting namely 5 := i v+ i —pi v 
and u := i u , we have that i v+ i = 5 + pu for some < 5. If < 5, then 5 is prime to p hence 
writing 5 = rp — rj with 1 < 77 < p — 1, the hypothesis (*) for m := r implies that: 

At least one of the inequalities 5 < rp < 5(5 + pu)/ (5 + (p — l)u) does not hold. 

Since the first inequality holds, the second inequality must not hold. Therefore we must have 
rp > 5(5 + pu) J ' (5 + (p— i)u). Since the LHS equals 5 + 5u/[5 + (p — l)u), and pr — 5 = rj, 
the above inequality is equivalent to r] > 5u/ (5 + (p — l)w), hence to r]5 + i](p — \)u > 5u, 
and finally to rf(p — 1) > (5 — r/(p — 1)) (u — rj). Thus since 5 — r/(p — 1) = (r — r))p, the last 
inequality becomes rf(p — 1) > p(r — rj)(u — rj). Since p > p — 1, the last inequality implies 
rj 2 > (r — r])(u — rj). On the other hand, one has 1 < r] < p and p 2 < u for 1 < z/, thus 
rj 2 < u — rj. Therefore, in order to satisfy the inequality, one must have r < 77. Hence the 
hypothesis (*) for 1 < v < e is equivalent to: 

(*)' // i u+ i = pi v + pr u — T] u with < r\ v < p, then < r u < r\ v for all 1 < v < e. 

In particular, rj^ = 1 implies S v — p — 1, and 5 V < (p — 1) 2 in general. It seems to me that 
the reformulation (*)' is better/easier than the original formulation of hypothesis (*). 
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